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ABSTRACT
The purpose of this work is two-fold: (1) to quantify the occurrence of ultra-steep
spectrum remnant FRII radio galaxies in a 74 MHz flux limited sample, and (2) per-
form Monte-Carlo simulations of the population of active and remnant FRII radio
galaxies to confront models of remnant lobe evolution, and provide guidance for fur-
ther investigation of remnant radio galaxies. We find that fewer than 2% of FRII radio
galaxies with S74 MHz > 1.5 Jy are candidate ultra-steep spectrum remnants, where we
define ultra-steep spectrum as α1400 MHz74 MHz > 1.2. Our Monte-Carlo simulations demon-
strate that models involving Sedov-like expansion in the remnant phase, resulting in
rapid adiabatic energy losses, are consistent with this upper limit, and predict the
existence of nearly twice as many remnants with normal (not ultra-steep) spectra in
the observed frequency range as there are ultra-steep spectrum remnants. This model
also predicts an ultra-steep remnant fraction approaching 10% at redshifts z < 0.5.
Importantly, this model implies the lobes remain over-pressured with respect to the
ambient medium well after their active lifetime, in contrast with existing observational
evidence that many FRII radio galaxy lobes reach pressure equilibrium with the exter-
nal medium whilst still in the active phase. The predicted age distribution of remnants
is a steeply decreasing function of age. In other words young remnants are expected
to be much more common than old remnants in flux limited samples. For this reason,
incorporating higher frequency data & 5 GHz will be of great benefit to future studies
of the remnant population.
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1 INTRODUCTION
Do Fanaroff-Riley type II (FRII; Fanaroff & Riley, 1974) ra-
dio galaxies remain over-pressured with respect to the exter-
nal medium throughout their entire active life, or do they
at some point reach pressure equilibrium with their envi-
ronment? The answer to this question has potentially far-
reaching implications for the understanding of radio galaxy
dynamics and energetics. If the lobes remain over-pressured
throughout the entire life, the source is always surrounded
by an elliptical bow shock and the lobes undergo supersonic
self-similar expansion (Kaiser & Alexander 1997). This self-
similar scenario is typically assumed when modelling pop-
ulations of FRII radio galaxies (for example Blundell et al.
1999; Wang & Kaiser 2008; Kapin´ska et al. 2012, to name a
few). However, some studies now point to a more complex
situation, in which the lobes start out being highly over-
? E-mail: leith.godfrey@gmail.com
pressured, but reach pressure equilibrium with their envi-
ronment well before the jet activity comes to an end. Es-
timates of internal lobe pressures based on the assumption
of minimum energy (Hardcastle & Worrall 2000) as well as
those based on inverse-Compton measurements (Hardcastle
et al. 2002; Croston et al. 2004) are observed to be com-
parable to the external pressures, assuming no large contri-
bution to the lobe pressure from thermal material within
the lobes. Furthermore, Mullin et al. (2008) find a trend of
increasing axial ratio with sources size in a flux limited sam-
ple of FRIIs with z < 1. If the lobes remained over-pressured
throughout their lifetime, undergoing self-similar expansion,
then the axial ratio is expected to remain constant. The ob-
served size-dependent axial ratio distribution demonstrated
by Mullin et al. (2008) is therefore inconsistent with models
in which the expansion remains self-similar. Hardcastle &
Worrall (2000) and Mullin et al. (2008) suggest that FRII
radio galaxies may only grow self-similarly early on in their
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lifetime, and reach pressure equilibrium with their surround-
ings in middle-age.
One way to discriminate between these two scenarios
is to consider the remnant phase of radio galaxy evolution.
If the lobes remain highly over pressured throughout their
lifetime, then the remnant phase will be governed by su-
personic Sedov-like expansion (Kaiser & Cotter 2002). This
continued supersonic lobe expansion in the remnant phase
will cause rapid dimming of the lobe radio emission due to a
decrease in the magnetic field strength and decrease in par-
ticle energies due to adiabatic expansion losses. In contrast,
if the lobes are already in pressure equilibrium with the ex-
ternal medium at the end of the active phase, the luminosity
evolution in the remnant phase is expected to be much more
sedate.
Kaiser & Cotter (2002) showed that models of remnant
radio galaxy spectra are highly degenerate, and modelling
of individual remnant radio galaxy spectra cannot constrain
the history of lobe evolution. The only way to constrain
the lobe evolution in the remnant phase is via a statisti-
cal approach. That is the approach taken in this paper. We
compose a flux-limited sample radio sources that is domi-
nated by FRII radio galaxies (Section 2). With this sample,
we obtain an upper limit on the number of ultra-steep spec-
trum remnant radio galaxies in a low frequency selected, flux
limited sample of FRII radio galaxies (Section 3). We then
perform Monte-Carlo simulations to assess whether models
of remnant phase lobe evolution are consistent with the ob-
served limit on ultra-steep spectrum remnants in our flux
limited sample (Sections 4 and 5).
We make a strong distinction between the population of
ultra-steep spectrum remnants, which we define as remnant
radio galaxies with spectral index α > 1.2 (defined such that
Sν ∝ ν−α) between our chosen frequencies, and the entire
population of remnant radio galaxies, which includes any
remnant radio galaxy regardless of spectral characteristics.
This distinction is necessary because not all remnant
radio galaxies have ultra-steep spectra in the observed
frequency range. A good example of this is the remnant
radio galaxy discovered by Brienza et al. (2016), which
was identified purely based on morphological characteris-
tics, and only shows an ultra-steep spectrum above 1.4 GHz.
In this work, we restrict our analysis to FRII radio
galaxies. A follow-up paper (Brienza et al., 2017 submit-
ted) will focus on the study of lower luminosity, FRI class
remnant radio galaxies.
2 SAMPLE SELECTION
2.1 Sample Definition
Our sample selection is based on the 74 MHz VLA Low-
freqeuncy Sky Survey Redux catalog (VLSSr; Lane et al.
2014). We calculate the flux density of sources in the VLSSr
catalogue from the catalogued peak intensity, and fitted ma-
jor and minor axes, based on the expressions given in Con-
don (1997); Cohen et al. (2007). We then restrict the VLSSr
catalog as follows:
(i) 9 hrs < RA < 16 hrs
(ii) 0◦ < DEC < 60◦
(iii) Distance to nearest neighbour D > 4 arcminutes.
(iv) Fitted major axis < 120 arcseconds.
(v) Flux density S74 MHz > 1.5 Jy
The reason for each of the restrictions is as follows:
(i and ii) The restrictions on RA and DEC are imposed
in order to match the sky area of the FIRST survey, so that
we can assess the morphology of the selected objects.
(iii) The median distance to the nearest neighbour in
the VLSSr catalogue is approximately 15 arcminutes. How-
ever, a histogram of distance to nearest neighbour shows a
clear peak in the range 1 - 4 arcminutes. The narrow peak at
1-4 arcminutes is a result of radio galaxies with large angular
size and complex morphology, in which the individual radio
galaxies are fitted by more than one Gaussian component.
To simplify the cross-matching with NVSS, we restrict our
sample to“isolated”VLSSr sources, for which the distance to
nearest neighbour is greater than 4 arcminutes. This selec-
tion criterion reduces the catalogue size by 8%. However, for
sources with nearest neighbour < 4 arcminutes, several cat-
alogued sources are often related to the same radio galaxy,
and so the reduction in the number of radio galaxies is likely
to be significantly less than 8%.
(iv) We next remove all objects for which the fitted ma-
jor axis size is equal to 120 arcseconds, which is the upper
limit on fitted major axis (Lane et al. 2014). For these ob-
jects, we are unable to accurately calculate the flux density
based on the catalogued values of peak intensity, major and
minor axes. This selection criterion reduces the catalogue
size by a further 8% (1237 objects). These very large an-
gular size sources would provide an interesting sample for
searches for remnant radio galaxies, as they most likely rep-
resent very large, relatively nearby radio galaxies. However,
the need to obtain accurate flux density estimates from the
catalogued values of peak intensity, major axis and minor
axis, necessitates the removal of these large sources from
our analysis.
(v) Finally, we impose a flux density limit of S74 MHz >
1.5 Jy, which corresponds to the knee in the source-counts
distribution (eg. Massardi et al. 2010). With this flux limit,
the sample is expected to be highly dominated by high ex-
citation (predominantly FRII) radio galaxies, with an FRII
fraction of up to 80% (Willott et al. 2001). We note that the
S-cubed simulation of Wilman et al. (2008) predicts that
our sample will comprise 55% FRII, 5% Gigahertz Peaked
Spectrum (GPS), and 40% FRI1. The morphologies of our
sample agree with the prediction of the S-cubed simulation:
& 50% of our sample have a double-lobed FRII-like appear-
ance. Whilst the sample contains only & 50% FRII radio
galaxies, we account for this factor in our analysis of the
FRII remnant population, as described in section 3.1.
The flux limit further reduces the sample size by 72%,
giving a final sample size of 3861 objects.
2.2 Cross-matching with NVSS
We cross-match our 74MHz flux limited sample described in
Section 2.1 with the NVSS catalogue at 1.4 GHz (Condon
1 The lowest frequency in the S-cubed database is 151 MHz, so we
converted our 74 MHz flux limit to 151 MHz assuming a spectral
index of 0.75.
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Table 1. Results of cross-matching our VLSSr selected sample
with NVSS.
Number of NVSS matches Number of VLSSr sources
0 4
1 3466
2 382
3 9
> 3 0
Total 3861
et al. 1998). Due to the higher frequency and higher resolu-
tion of the NVSS relative to the VLSSr, individual catalogue
entries in the VLSSr may be associated with multiple cat-
alogue entries in the NVSS. For this reason, we must use a
large matching radius. Given that the largest fitted major
axis in the VLSSr sample is 120 arcseconds, we use a match-
ing radius of 60 arcseconds, and sum the flux densities of all
NVSS catalogue entries within the matching radius. The re-
sults of our cross-matching is summarised in Table 1.
The probability of finding an NVSS source within 60
arcseconds of a random position is approximately 4% (Con-
don et al. 1998). We therefore expect that approximately
4% of our sample (∼ 150 objects) will contain an unrelated
NVSS source within the search radius of 60 arcseconds. How-
ever, these unrelated sources are clustered near the NVSS
flux limit (2.5 mJy), while the majority of our sample have
NVSS flux densities more than 10 times higher than the flux
limit (see Figure 1). Therefore, only a very small fraction of
our sample will be significantly affected by the detection of
an unrelated NVSS object within the search radius.
The differing survey resolution is not likely to cause
significant errors in spectral index calculation. Our sample
is restricted to sources with fitted major axes less than 120
arcseconds in the VLSSr catalogue, a factor of only 2.7 times
the NVSS angular resolution of 45 arcseconds. Furthermore,
our sample has a high signal to noise in the NVSS survey,
and therefore the catalogued flux densities are unlikely to
have missed flux.
3 EMPIRICAL RESULTS
In Figure 1 we present the histogram of spectral index be-
tween 74 MHz and 1400 MHz for our sample, as well as
the histogram of 74 MHz and 1400 MHz flux densities. The
spectral index distribution shows a broad, symmetric cen-
tral peak, along with a flat spectrum tail and an ultra-steep
spectrum tail. We wish to place an upper limit on the frac-
tion of our sample that are ultra-steep spectrum remnant
radio galaxies. To do so, we split our sample into 3 spec-
tral categories: flat (α < 0.45); normal (0.45 < α < 1.2); and
ultra-steep (α > 1.2). The choice of the dividing line between
flat, normal and ultra-steep spectrum is somewhat arbitrary,
but is guided by the shape of the histogram in Figure 1, and
models of radio source emission. The ultra-steep spectrum
limit at α = 1.2 corresponds to the maximum spectral in-
dex for active radio galaxy models with particle injection
corresponding to α < 0.7 and a cooling break of ∆α = 0.5.
We stress that our choice of dividing line at α = 1.2 is not
intended to capture all remnant radio galaxies. Indeed, we
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Figure 1. Histograms of spectral index and flux densities for our
VLSSr selected sample. The histogram of spectral index clearly
consists of a broad central peak, along with a flat spectrum tail
and ultra-steep spectrum tail. The two vertical lines in the up-
per panel denote our division of the sample into flat spectrum
(α < 0.45), normal spectrum (0.45 < α < 1.2), and ultra-steep
spectrum (α > 1.2). Note that 4 objects are not detected in NVSS,
and are not included in the above histograms.
expect that most remnant radio galaxies above our flux limit
will not have ultra-steep spectra according to our definition.
However, the key results are not strongly affected by our
choice of dividing line, since our modelling approach is de-
signed specifically to accommodate arbitrary selection crite-
ria.
Flat spectrum objects comprise 2% of the sample (78
objects), “normal” spectrum objects comprise 96.5% of our
MNRAS 000, 1–19 (2017)
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Table 2. Results of cross-matching our VLSSr sample with the FRII candidate sample of van Velzen et al. (2015).
Entire VLSSr selected Sample Ultra-steep Spectrum Sample
(αNVSSVLSSr > 1.2)
Sample Size 3861 57
Fraction matched with FRII candidates 65% (2498/3861) 45% (26/57)
Fraction of FRII candidates with detected core 14% (348/2498) 23% (6/26)
sample (3726 objects), and ultra-steep spectrum objects
comprise only 1.5% of the sample (57 objects). Note, how-
ever, that our sample is comprised of both FRI and FRII
radio galaxies. In this work, we seek an upper limit on the
fraction of FRII radio galaxies that are ultra-steep spectrum
remnants. We therefore need to account for the fraction of
the sample that is FRII. We consider this question in the
following sections.
3.1 Morphology of the S74 MHz > 1.5 Jy sample in
FIRST
Our flux density limit of 1.5 Jy at 74 MHz corresponds to
the knee in the source counts distribution. This flux limit is
chosen to provide a large sample that is dominated by high
excitation (predominantly FRII) radio galaxies.
To assess the dominant morphology of the sample, we
compare our sample to that of van Velzen et al. (2015),
who compiled a sample of 59,192 candidate FRII radio
sources from the FIRST survey catalogue, using an algo-
rithm that selected double, triple, or multiple sources with
lobe-lobe separation of less than 60 arcseconds. This sample
of “dubbeltjes” (small doubles) is considered to be a rela-
tively clean sample of FRII radio galaxies on these angular
scales. We cross-match our VLSSr flux limited sample with
the dubbeltjes sample of van Velzen et al. (2015), using a
matching radius of 30 arcseconds (. 5 expected random as-
sociations), and find 65% of our sample (2498 objects) are
matched to candidate FRII radio galaxies in the catalogue
of van Velzen et al. (2015). Not all of the van Velzen et al.
(2015) sample are confirmed FRIIs. However, the selection of
FRIIs in van Velzen et al. (2015) only includes radio galax-
ies up to 1 arcminute in angular size. Our sample includes
sources with de-convolved major axes up to approximately
100 arcseconds. We therefore visually inspected a random
sample of FIRST images centred on the VLSSr coordinates,
and find that more than 50% have a double-lobed FRII-like
appearance, while 10% are unresolved at the FIRST resolu-
tion (see Figure 2). This random sample is drawn from our
VLSSr flux limited sample, and includes sources that are
within the van Velzen sample, as well as some that are not
in that sample.
Based on the preceding discussion, we can be confident
that our S74 MHz > 1.5 Jy sample is dominated by FRII
radio galaxies, as expected. We therefore place a robust lower
limit on the number of FRII radio galaxies in our sample:
NFRII > 0.5 × 3861 > 1930 objects.
3.2 A limit on the fraction of FRIIs in our sample
that are ultra-steep spectrum remnants
The total number of ultra-steep spectrum (α1400 MHz74 MHz > 1.2)
sources in our sample is 57 (53 detections + 4 non-detections
in NVSS). Therefore, as an absolute upper limit, fewer than
3% (57/1930) of FRII radio galaxies in our flux limited sam-
ple are ultra-steep spectrum remnants.
Of course, not all ultra-steep spectrum radio sources are
remnant radio galaxies, and therefore we can place a more
stringent upper limit on the fraction of remnant FRIIs in our
sample by considering what fraction of the ultra-steep spec-
trum objects in our sample are active. We do this initially by
considering the ultra-steep spectrum sample object’s mor-
phology in FIRST. Of the 53 ultra-steep spectrum sources
detected in NVSS, 10 are point-like in FIRST and may be
high redshift radio galaxies, or core dominated systems in
which the spectral index has been influenced by variable
flux between the dates of observation in VLSS and NVSS
surveys. A further 6 objects are triple systems, exhibiting
two lobes plus an AGN core, indicating that these systems
are still active (although some may be re-started systems,
with remnant lobes and a re-born AGN). After removing the
point-like and triple systems from the ultra-steep spectrum
sample, we find that less than 41 objects are remnant radio
galaxies, indicating that less than 2% of the FRIIs in our
sample are candidate remnant radio galaxies.
The large core-detection fraction in the ultra-steep spec-
trum sample suggests that many of the ultra-steep spectrum
objects without a core detection would have a detected core
if we were to follow-up with sensitive high resolution obser-
vations. Therefore, the true number of ultra-steep spectrum
FRII remnants in our sample is likely to be less than 41, be-
cause we detect such a large fraction of triples in our ultra-
steep spectrum sample. Out of the 2498 FRII candidates
from van Velzen et al. (2015) in our VLSSr sample, only
14% have a detected core. In comparison, of the 26 FRII
candidates from van Velzen et al. (2015) in our ultra-steep
spectrum sample, 23% have a detected core. Extrapolating
from the 23% of ultra-steep sources with detected cores, it
is conceivable that most of the ultra-steep spectrum objects
in this flux limited sample are active, and would be found to
have core emission if they were followed up with more sen-
sitive high resolution observations. We note that the higher
core fraction in the ultra-steep spectrum dubbeltjes from
(van Velzen et al. 2015) could arise if the ultra-steep spec-
trum dubbeltjes tend to be larger angular size objects, en-
abling core detection in a larger number of cases.
Some of the ultra-steep spectrum triple sources may be
restarted objects (eg. double-doubles) or high redshift radio
galaxies, and a follow-up study of this sample of ultra-steep
spectrum triples is warranted, particularly given that they
MNRAS 000, 1–19 (2017)
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Figure 2. 1.4 GHz radio images from the FIRST survey of 55 randomly selected sources in our VLSSr selected sample with normal
spectral index values (0.45 < αNVSSVLSS < 1.2). The images are 2 x 2 arcminutes.
Figure 3. 1.4 GHz radio images from the FIRST survey of the 53 VLSSr selected sources detected in NVSS with ultra-steep spectra
(αNVSSVLSS > 1.2). Many of the ultra-steep spectrum sources show evidence of active cores, and may represent re-started radio galaxies. Many
are unresolved, and may be associated with variable AGN cores. The images are 2 x 2 arcminutes.
are significantly lower angular size objects than most known
double-doubles.
In summary, fewer than 2% of the FRII radio galax-
ies in our 74 MHz selected flux limited sample are candi-
date ultra-steep spectrum remnants. Due to the large core-
detection fraction in our ultra-steep spectrum sample, we
expect that many of the canidate remnants are in fact ac-
tive, so that the true ultra-steep remnant fraction is likely to
be significantly less than 2%. Follow-up radio observations
at higher resolution are required to confirm the nature of the
ultra-steep spectrum objects, and which, if any, are indeed
remnant FRII radio galaxies.
4 SIMULATING THE POPULATION OF
ACTIVE AND REMNANT FRII RADIO
GALAXIES
The second part of our study involves simulating the flux
limited sample of FRII radio galaxies, including both the ac-
tive and remnant phase, using an accurate model of spectral
evolution. This Monte-Carlo approach allows us to compare
the models with the empirical results using the exact same
selection criteria. It also allows us, for the benefit of future
studies, to investigate the efficiency of alternative selection
criteria including such things as spectral curvature, high fre-
quency spectra, and redshift limits. The degeneracy involved
MNRAS 000, 1–19 (2017)
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in modelling the radio spectrum of an individual remnant ra-
dio galaxy at one point in it’s life (Kaiser & Cotter 2002)
can be broken by observing many sources at different stages
of their life, and modelling their spectral distributions.
In this section we present the relevant model equations
used to construct the time dependent radio galaxy spectra,
and we describe the procedure used to generate the simu-
lated catalogues.
4.1 Flux density calculation assuming
non-uniform magnetic field strength
In order to accurately simulate a population of radio galax-
ies including remnants, we must accurately trace the spec-
tral evolution in both the active and remnant phases. Trib-
ble (1991, 1993) showed that a non-uniform distribution of
magnetic field strengths gives rise to aged synchrotron spec-
tra that differ significantly from those obtained under the
assumption of a uniform magnetic field strength. We there-
fore follow Tribble (1991, 1993) and Hardcastle (2013), and
calculate the synchrotron spectra assuming that within each
volume element of the lobes the magnetic field is distributed
according to a Guassian-random field. That is, at each point
within a volume element, the cartesian components of the
field are each drawn independently from a Gaussian distri-
bution with mean of zero. This magnetic field configuration
is expected to arise from homogenous, isotropic turbulence
(Tribble 1991; Hardcastle 2013). We further assume that
each volume element within the lobes has the same mag-
netic field distribution, that the electron energy distribution
is independent of the local magnetic field strength, and that
the particle pitch angle distribution is isotropic. With these
assumptions, we can calculate the synchrotron flux density
as
Sν =
(1 + z)
D2
L
√
3e3
16pi20cme
∫ γmax
γmin
N(γ)
[∫ ∞
0
BpB F¯(y)dB
]
dγ (1)
where N(γ) = dNdγ is the volume integrated electron energy
distribution, F¯(y) is the angle-averaged synchrotron function
(see Section C), pB is the probability distribution for the
magnetic field strength, 0 is the permittivity of free space,
c is the speed of light, me is the electron mass, and e is the
electron charge.
For a Guassian-random field, the probability distribu-
tion for the magnetic field strength pB is the Maxwell-
Boltzmann distribution (Hardcastle 2013):
pB =
√
2
pi
B2 exp(−B2/2a2)
a3
(2)
where
a =
B0√
3
(3)
and B0 specifies the mean magnetic energy density, defined
such that ∫
B2pBdB = B20 (4)
4.2 Radio source evolution
In the current work, we are focused on FRII radio galaxies,
and therefore we assume that during the active phase the
radio sources evolve according to the self-similar dynamical
model of Kaiser & Alexander (1997). During the remnant
phase, the lobe evolution is not well understood, however,
the true lobe expansion is likely to be bounded by two ex-
treme cases of (i) maximal energy driven expansion and (ii)
no expansion. For the maximal expansion rate of case (i)
we consider the Sedov-like expansion described by Kaiser &
Cotter (2002). Sedov-like expansion refers to the situation in
which the bow shock surrounding the lobes is driven by the
adiabatic expansion of the lobes. This provides a solution
that is similar to, but not entirely analogous to the Sedov
solution for a point explosion, and is therefore referred to
by Kaiser and Cotter as ”Sedov-like”. In order to apply the
models of Kaiser & Alexander (1997) and Kaiser & Cotter
(2002), we must assume that the radio lobes expand into a
power-law radial density profile, in which the ambient den-
sity, ρ, scales with the radial distance, r, according to
ρ ∝ r−β (5)
4.2.1 Case (i), Sedov-like expansion in the remnant phase
In our model, for case (i), the evolution of the radio source
volume is a piece-wise power law, with:
V(t) ∝
{
t9/(5−β), if t < ton.
t6/(6−β), if t > ton.
(6)
where ton is the length of the active phase. Our assumption
of piece-wise power-law volume evolution means that the
integrated electron energy distribution N(γ) does not depend
on the absolute value of the volume, only the exponents of
the time evolution. For this reason, we have purposefully left
the above expression as a proportionality. We assume that
the magnetic field is isotropically distributed (“tangled”) on
all scales, and therefore can be treated as a magnetic “fluid”
with adiabatic index ΓB = 4/3 (Leahy 1991). In this case,
the magnetic field evolves according to
B(t) =

B0
(
t
t0
) −4−β
2(5−β)
(
Q
Q0
) 2−β
2(5−β)
, if t < ton.
B(ton)
(
t
ton
) −4
(6−β)
, if t > ton.
(7)
(Kaiser & Alexander 1997; Kaiser & Cotter 2002), where Q
is the jet power and Q0 = 1039 W is a normalisation constant.
We note that for β ≈ 1.5 − 2, the dependence of magnetic
field strength on jet power is extremely weak, and there-
fore Q0 does not strongly affect the results. We assume that
the particle energy distribution injected into the lobes is a
power-law, such that
dN
dγidti
=
{
q0γ−ai , if t < ton and γi,min < γi < γi,max.
0, otherwise
(8)
where q0 is proportional to the jet power, and a number of
other assumed model parameters, as described in Section
A3.
4.2.2 Case (ii), no expansion in the remnant phase
The only difference in our model for case (i) and case (ii) is
in equations 6 and 7 at t > ton. For completeness, they are
MNRAS 000, 1–19 (2017)
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defined below:
V(t) ∝
{
t9/(5−β), if t < ton.
constant, if t > ton.
(9)
and
B(t) =
B0
(
t
t0
) −4−β
2(5−β)
(
Q
Q0
) 2−β
2(5−β)
, if t < ton.
constant, if t > ton.
(10)
4.3 Volume integrated electron energy
distribution
Equations 6, 7 and 8 completely define our radio source
model. The volume integrated electron energy distribution
can be obtained from the completely general solution to the
continuity equation (see Appendix A2)
dN
dγ
(γ, t) = q0γ−a
∫ ti,max
ti,min
(
V(ti)
V(t)
)(a−1)/3 (
1 − γ
γ∗(ti, t)
)a−2
dti
(11)
where ti,max = t for active sources, and ti,max = ton for remnant
sources.
1
γ∗(ti, t) =
∫ t
ti
a0
(
V(τ)
V(t)
)−1/3 ( B2(τ) + B2CMB
2µ0
)
dτ, (12)
where BCMB = 0.325(1 + z)2 nT is the equivalent magnetic
field strength of the CMB, and the integration limit ti,min is
given by
ti,min = MAX(0, t∗i,min). (13)
The parameter t∗i,min corresponds to the injection time at
which a particle injected with Lorentz factor γi,max will have
cooled to Lorentz factor γ at time t, and is given by the
solution to the equation
1
γ
=
1
γi,max
(
V (t∗i,min)
V (t)
)1/3 + 1γ∗(t∗i,min, t) (14)
where γi,max is the maximum electron Lorentz factor of the
particle distribution injected into the lobes (see Appendix
A2).
4.4 Simulation Approach
To generate a mock catalogue of radio galaxies, several of
the model parameters are sampled from probability distribu-
tions, while others remain fixed. Each of the free parameters
and the relevant distributions are discussed below.
4.4.1 Redshift
Redshifts are sampled from a probability distribution given
by
p(z) ∝ ρ(z) dV
dz
(15)
where ρ(z) is the volume density of radio galaxies as a func-
tion of redshift and dVdz is the differential comoving volume
element for a spherical shell. For high power FRII radio
galaxies, the volume density ρ(z) is typically taken to be
a Gaussian (Blundell et al. 1999; Willott et al. 2001; Grimes
et al. 2004). We assume
ρ(z) ∝ exp
[
−1
2
(
z − zh0
zh1
)]
(16)
with zh0 = 1.95 and zh1 = 0.55 (Grimes et al. 2004). The
comoving volume element for a flat Universe (Ωk = 0) is
dV
dz
∝ (1 + z)
2D2
A√
ΩM (1 + z)3 +ΩΛ
(17)
(Hogg 1999).
4.4.2 Radial density profile exponent, β
As discussed, we assume that our mock radio galaxies ex-
pand into a power-law density profile with ρext ∝ r−β . We
assume that the exponent β = 1.9 for all of our mock radio
galaxies. Lower values of β increase the fraction of remnants,
but not by a large factor, due to the less rapid evolution of
volume and magnetic field.
4.4.3 Active lifetime ton
The typical active lifetime of FRII radio galaxies remains
poorly constrained. Estimates based on self-similar dynami-
cal models range from & 10 Myr (Bird et al. 2008; Kapin´ska
et al. 2012), to 200 Myr (Antognini et al. 2012).
Analysis of the length asymmetry of the most powerful
double lobed radio sources indicates that the lobe advance
speeds are typically a few percent of the speed of light, and
not more than 0.15c (Scheuer 1995), implying a typical ac-
tive lifetime of a few tens of Myr.
Estimates based on spectral ageing (Alexander & Leahy
1987; Liu et al. 1992) systematically underestimate dynam-
ical ages by a significant factor, and both dynamical and
spectral age estimates have an uncertain relationship to the
true source age (Eilek et al. 1997; Blundell & Rawlings 2000;
Kaiser 2005; Hardcastle 2013).
For the purposes of our simulated catalogues, we as-
sume that the active lifetimes follow a truncated log-normal
distribution, with mean 〈log(ton)〉 = 7.5 and standard devia-
tion σlog(ton) = 0.1, truncated such that 7.3 < log(ton) < 8.3,
where ton is specified in years. The active lifetime ton refers
to the time period during which the lobes are fed with fresh
electrons. Increasing the mean active lifetime by a factor f
will cause a decrease in the simulated catalogue remnant
fraction by a factor . f , while decreasing the mean active
lifetime by a factor f will increase the remnant fraction by
a factor . f .
4.4.4 Age at which the source is observed, tobs
Source ages are sampled from a uniform distribution be-
tween tobs,min = 0.1 Myr and tobs,max = 200 Myr, which is
several times the active lifetime. The results are insensitive
to the assumed value for tobs,max, because the age distribu-
tion of remnants declines very steeply, as shown in Figure
4 (b). The results are insensitive to the assumed value for
tobs,min, because tobs,min  tobs,max and source age tobs is sam-
pled uniformly.
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4.4.5 Magnetic field normalisation B0
One of the most important and influential parameters of our
model is the normalisation of the magnetic field strength, B0
in Equation 7. Croston et al. (2005) measured lobe magnetic
field strengths in a sample of 33 powerful FRII radio galax-
ies, based on inverse Compton modelling of the observed
X-ray emission. They find that the magnetic field strength
in their sample is a strong function of source size. For sources
greater than 300 kpc, Croston et al. (2005) find the median
magnetic field strength is 0.6 nT, and reaches 0.2 nT for the
largest sources in that sample. We therefore fix B0 = 0.6 nT
at time log(tyears) = 7.3 corresponding to the lower limit on
the active lifetime for sources in our mock sample. In this
way, we ensure that the magnetic field strength at the end
of each source’s active lifetime is . 0.6 nT, consistent with
the results of Croston et al. (2005). In equation 7, we have
set Q0 = 1039 W. However, we note that the dependence of
magnetic field strength on jet power is extremely weak, and
Q0 is therefore not of great importance.
4.4.6 Energy injection index, a
The injection index is represented by the parameter a in
equation 8. We sample the injection index for each source
from a truncated Gaussian distribution with 2.0 < a < 2.4,
mean a¯ = 2.2 and standard deviation σa = 0.2. This dis-
tribution of injection indices results in a relatively broad
distribution of “observed” spectral index in our mock cata-
logues, ranging between 0.5 < α140074 < 1.2 with a peak at
α140074 ∼ 0.8, providing a good match to the spectral index
distribution observed in our VLSSr sample.
Note that with this injection index distribution, even
the oldest active sources cannot have spectral index α > 1.2
between any pair of frequencies, unless those frequencies
are near to the frequency corresponding to the cutoff in
the electron distribution. Therefore, active sources do not
contaminate our ultra-steep spectrum sample in our mock
catalogue. To explain this in more detail, consider a source
with injection index a = 2.4 – the maximum possible value
that could be drawn from the truncated Gaussian described
above. Imagine this source is observed when it is very old,
so that the radiative cooling break of ∆α = 0.5 occurs well
below the lowest frequency we have observed. In that case,
the spectral index will be α = 1.2, but cannot get any steeper
with age.
4.4.7 Minimum/maximum injected Lorentz factor,
γmin,max
We assume γmin = 100 for all mock radio galaxies, and
γmax = 5×106. The maximum and minimum injected Lorentz
factors do not strongly affect the results presented here, since
the electrons at γmin and those at γmax emit at frequencies
well outside the observed range. They do however affect the
scaling between jet power and particle injection rate q0 (see
Section A3. ).
Our choice for low energy electron cutoff is based on the
observation in several sources of a low-frequency flattening
in the hotspot spectra, consistent with a low energy cutoff
in the electron distribution at a Lorentz factor of γmin ∼
100−700 (Godfrey et al. 2009, and references therein). Such
values of γmin are likely to be the result of dissipation of
jet bulk kinetic energy (Godfrey et al. 2009). In the case
of Cygnus A, absorption is at least partially responsible for
the low frequency turnover in the hotspot spectra (McKean
et al. 2016), however, this does not rule out the possible
involvement of a low energy cutoff in the hotspots of Cygnus
A. The interpretation of the hotspot turnover in Cygnus A
remains problematic (McKean et al. 2016).
4.4.8 Jet power, Qjet
The jet power is sampled from a power-law probability dis-
tribution, with
p(Qjet) ∝
{
Q−nQ if 5 × 1036 W < Qjet < 2 × 1042 W
= 0 otherwise
(18)
We assume nQ = 2.3, which is an average of the values de-
rived by Blundell et al. (1999) (2.6) and Wang & Kaiser
(2008) (2.0). We note that the results presented here are
not strongly dependent on the assumed value of nQ, for rea-
sonable departures from our assumed value.
4.4.9 Electron energy fraction, e
To calculate the particle injection rate q0, we must specify
the fraction of jet power that is converted to the internal
energy of the relativistic electron population, e (see Equa-
tion A31). Here we assume that the jet power is equally
distributed between magnetic energy, relativistic electron
energy, and the energy of non-radiating particles, so that
e = 1/3. Our conclusions are not sensitive to the value of
e.
4.4.10 Ratio of hotspot pressure to lobe pressure,
pHS
plobe
Another parameter that is necessary to calculate the particle
injection rate into the lobes, is the ratio of hotspot pressure
to lobe pressure (see Equation A31). Here we assume
pHS
plobe
=
10, however we note the very weak dependence of q0 on the
value of
pHS
plobe
. Again, our conclusions are not sensitive to the
assumed value of
pHS
plobe
.
4.5 Contribution of the jets and hotspots in
active sources
After the jets stop supplying energy to the hotspots, the
bright emission from them will disappear in the order of a
sound-crossing time (. 1 Myr for a hotspot with a diameter
of a few kpc). If the hotspots provide a significant fraction
of the total source flux at 74 MHz, then the rapid disap-
pearance of the hotspots at the start of the remnant phase
could help to explain the rapid disappearance of remnant
FRII radio galaxies from our flux limited samples.
Jenkins & McEllin (1977) defined the hotspots as re-
gions 15 kpc in diameter, and found that the ratio of hotspot
to total luminosity is strongly correlated with the total lu-
minosity, and furthermore, that the hotspots can often con-
tribute more than 90% of the source flux density at 178 MHz,
particularly at high luminosities.
In direct contrast to this result, is the more recent study
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by Mullin et al. (2008) of a sample of 100 FRII 3CRR radio
galaxies with z < 1. Mullin et al. (2008) are able to more ac-
curately identify the hotspot regions than Jenkins & McEllin
(1977), and find no correlation between hotspot prominence
and the total radio luminosity in this sample (see their figure
32). Furthermore, Mullin et al. (2008) find that the hotspots
contribute typically a few percent to a few tens of percent
to the total radio luminosity at 178 MHz2.
The median hotspot prominence (summed for both the
north and south hotspot) for the sample of Mullin et al.
(2008) is 0.008. We convert this to a hotspot fraction (the
ratio of total source luminosity contributed by the hotspots
at 74 MHz) by multiplying the hotspot prominence by a
factor of (74/8400)−α assuming α = 0.8. This gives a median
hotspot fraction of 35%. However, this does not account for
the fact that hotspot spectra often become much flatter to-
wards low frequency, particularly in high luminosity radio
galaxies (Leahy et al. 1989; Godfrey et al. 2009; McKean
et al. 2016). We therefore do not attempt to account for the
contribution to the source flux from hotspot related emis-
sion. We simply note that if the source flux density drops by
a factor fdrop at the end of the active phase due to the rapid
disappearance of the hotspots, then we will over-estimate
the fraction of remnant to active sources by a factor of f p−1drop ,
where p ≈ 2.3 is the slope of the luminosity function.
The jet prominence is typically much lower than the
hotspot prominence, by an order of magnitude or more
(Mullin et al. 2008). While it is true that in a few percent
of cases, the jet prominence is comparable or greater than
the hotspot prominence, in the vast majority of cases, the
jet prominence is a negligible component of the total source
flux density.
4.6 Procedure for generating mock catalogues
The mock catalogues are created in several steps, as de-
scribed below.
(i) First, we generate several million radio galaxies, each
with the model parameters fixed or sampled from their cor-
responding probability distributions as described in the pre-
ceding sections.
(ii) For each source, we calculate an upper limit to the flux
density at the sample selection frequency (74 MHz) using a
fast, analytic expression.
(iii) We apply the flux cut to the sample, using the upper
limits calculated in the previous step: All sources for which
the calculated flux upper limit at the selection frequency is
below the flux limit are removed from the mock catalogue.
(iv) For the remaining sources, we calculate the model ra-
dio galaxy spectrum accurately using numerical integration
of equations 11 and 1.
(v) We again apply a flux cut to the sample, this time
using the accurate model flux densities as the basis of the
2 Mullin et al. (2008) define hotspot prominence as the ratio of
hotspot luminosity at 8.4 GHz to the total source luminosity at
178MHz. We have converted the hotspot prominence of Mullin
et al. (2008) to a hotspot emission fraction, or compactness in
the terminology of Jenkins & McEllin (1977) by multiplying the
hotspot prominence values by a factor of (8400/178)−α assuming
α = 0.8.
flux cut. Only those sources whose flux densities lie above
the flux limit remain in the sample.
The flux density upper limit in step (ii) described above,
is obtained by using an analytic approximation to equation
11, along with the δ−function approximation to the syn-
chrotron emission spectrum. The analytic approximation to
equation 11 is derived by neglecting the term (1 − γ/γ∗)a−2.
That is, we replace the following equation (Equation 11)
dN
dγ
(γ, t) = q0γ−a
∫ ti,max
ti,min
(
V(ti)
V(t)
)(a−1)/3 (
1 − γ
γ∗(ti, t)
)a−2
dti
with the following integral,
dN
dγ
(γ, t) < q0γ−a
∫ ti,max
ti,min
(
V(ti)
V(t)
)(a−1)/3
dti (19)
which in the case of power law volume evolution, has an
analytic solution. Since the term (1−γ/γ∗)a−2 < 1, Equation
19 provides an upper limit on N(γ), and therefore an upper
limit on the flux density at any frequency.
5 MODELING RESULTS
We carried out two Monte-Carlo simulations, each one rep-
resenting a bound on the possible evolution scenarios in the
remnant phase, and each one differing only in the prescribed
evolution of lobe volume and magnetic field strength in the
remnant phase (see the description of these scenarios in sec-
tion 4.2). In the remnant phase, for case (i), we assume that
the lobes remain over pressured with respect to the ambient
medium, and evolve in a Sedov-like manner as described by
Kaiser & Cotter (2002). This is the maximal expansion rate
that can be achieved by inactive radio galaxies. In case (ii)
we assume that there is no lobe expansion in the remnant
phase.
In the active phase, for both of our simulations, we as-
sume the lobes evolve according to self-similar expansion
models of Kaiser & Alexander (1997).
We note that our model is only applicable to radio
galaxies with a single active phase: re-started radio galax-
ies will show different characteristic luminosity and spectral
evolution.
5.1 Results of Monte-Carlo simulation with
Maximal (sedov-like) expansion in the
remnant phase (Case (i))
In Figures 4 and 5 and Tables 3 and 4 we summarise the re-
sults of our simulations of active and remnant radio galaxy
populations with maximal (sedov-like) expansion in the rem-
nant phase.
Our simulated catalogue contains a total of 10,038
sources3, of which 9499 are active (94.6%), and 539 are rem-
nant (5.4%). However, of the 539 remnants, only 187 (1.8%
of the entire sample) have ultra-steep spectra between 74
MHz and 1400 MHz with α1400MHz74MHz > 1.2. The fraction of
3 We purposefully simulated a larger catalogue of sources than
was obtained in our VLSSr selected sample in order to increase
the fidelity of the simulated distributions.
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Table 3. Results of Monte Carlo Simulations: All redshifts.
Maximal (Sedov-like) expansion No expansion
in remnant phase in remnant phase
Quantity Number of sources Fraction of sample Number of sources Fraction of sample
Active sources 9499 94.6% 5372 82%
All Remnant sources 539 5.4% 1199 18%
Low ν ultra-steep spectrum remnants (α1400MHz74 MHz > 1.2) 187 1.8% 751 11.4%
Mid ν ultra-steep spectrum remnants (α5GHz1400MHz > 1.2) 378 3.8% 1036 15.8%
High ν ultra-steep spectrum remnants (α10GHz5 GHz > 1.2) 441 4.4% 1110 16.9%
Curved spectrum remnants (α5000 MHz1400 MHz − α1400 MHz74 MHz > 0.5) 292 2.9% 976 14.9%
Curved spectrum remnants (α10000 MHz5000 MHz − α1400 MHz74 MHz > 0.5) 385 3.8% 1068 16.3%
Table 4. Results of Monte Carlo Simulations: Low redshifts only (z < 0.5).
Maximal (Sedov-like) expansion No expansion
in remnant phase in remnant phase
Quantity Number of sources Fraction of sample Number of sources Fraction of sample
Active sources 496 80% 292 37%
All Remnant sources 123 20% 505 63%
Low ν ultra-steep spectrum remnants (α1400MHz74 MHz > 1.2) 20 3.2% 265 33%
Mid ν ultra-steep spectrum remnants (α5GHz1400 MHz > 1.2) 57 9.2% 419 53%
High ν ultra-steep spectrum remnants (α10GHz5 GHz > 1.2) 79 12.8% 456 57%
Curved spectrum remnants (α5000 MHz1400 MHz − α1400 MHz74 MHz > 0.5) 47 7.6% 397 50%
Curved spectrum remnants (α10000 MHz5000 MHz − α1400 MHz74 MHz > 0.5) 69 11.1% 448 56%
ultra-steep spectrum remnants in our mock sample is there-
fore consistent with our upper limit of 2% on the ultra-
steep spectrum FRII remnant fraction obtained in section
3. However, this model predicts almost two times as many
remnants would have been missed by our remnant selection
criterion. The 74 MHz to 1400 MHz spectral index is clearly
an inefficient selection criterion, with a selection efficiency of
only 35% (187/539). Spectral indices measured at higher fre-
quency are significantly more efficient at remnant selection.
If remnant selection incorporated higher frequency data us-
ing the criterion α5GHz1.4GHz > 1.2, our Monte-Carlo simulation
predicts that we would more than double the number of rem-
nants selected, and achieve 70% remnant selection efficiency.
If we could have incorporated both 5GHz and 10 GHz data
into our analysis, and selected remnants based on the cri-
terion α10GHz5GHz > 1.2, our Monte-Carlo simulation predicts a
selection efficiency of 82%.
One of the problems with selecting remnants based on
ultra-steep spectra alone is that there are other types of
radio source that can satisfy the ultra-steep spectrum crite-
rion, such as high-redshift radio galaxies (HzRGs). To over-
come this problem, some authors have used spectral curva-
ture as a more robust indicator of remnant radio galaxies
(eg. Murgia et al. 2011). Spectral curvature is calculated as
the difference between a high frequency spectral index and
low frequency spectral index, and requires flux density mea-
surements at at least three different frequencies. We have
considered the spectral curvature selection in our mock sam-
ple using measurements at three frequencies, up to 5 GHz
(α5000 MHz1400 MHz − α1400 MHz74 MHz > 0.5), and also using four frequen-
cies up to 10 GHz (α5000 MHz1400 MHz − α1400 MHz74 MHz > 0.5), achieving
remnant selection efficiency of 54% and 71%, respectively.
Figure 4 (a) demonstrates that the flux density distribu-
tion for the remnant population has the same slope as that
of the active population, despite their different luminosity
evolution. This implies that the overall remnant fraction is
independent of the flux limit of the sample.
Figure 4 (b) demonstrates the very sharp decline in the
number of remnants as a function of source age. This implies
that remnants in flux limited samples tend to be relatively
“new” remnants, as expected due to the rapid luminosity
evolution that arises from a combination of decreasing mag-
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Figure 4. Histograms of spectral index and flux densities for our mock catalogue obtained under the assumption of Sedov-like expansion
in the remnant phase (case (i)). Green bars represent active sources, red bars represent remnant sources. Note that not all remnant
sources are ultra-steep spectrum (see Figure 5).
netic field strength along with the adiabatic and radiative
losses during the remnant phase. This tendency for remnant
radio galaxies in flux limited samples to be young is the
reason that many remnants in our Monte-Carlo simulations
do not have ultra-steep spectra in the observed frequency
range. Most importantly, unlike the luminosity distribution,
the age distribution of a flux limited sample of remnants can
provide meaningful constraints on the luminosity evolution
during the remnant phase. To illustrate this, we consider
the following simplified example. Suppose that sources are
“born” with some peak luminosity Lpeak, and evolve accord-
ing to a piecewise power law with
Lν ∝ Lpeakt−a1 t < ton
Lν ∝ Lpeakt−a2 t > ton
Now assume that sources are “born” with luminosity Lpeak
at a rate given by the birth function
dN
dt dLpeak
∝ L−ppeak
Then the age distribution of remnant radio galaxies at a
given luminosity Lν is given by
dN
dtdLν
∝ ta2(1−p) (20)
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Figure 5. Fraction of flux limited sample that are remnants, as
a function of redshift, for our simulated population of S74MHz >
1.5 Jy FRII radio galaxies, assuming Sedov-like expansion in the
remnant phase.
Thus, given an estimate of the “birth” luminosity function
(i.e. p in the above model), the age distribution can be used
to constrain the luminosity evolution in the remnant phase.
Figures 4 (c) and (d) demonstrate the existence of many
remnant radio galaxies with “normal” spectral index values
in our mock catalogue, as well as the broad tail of ultra-steep
spectrum remnants.
Figure 4 (e) demonstrates that high redshift remnant ra-
dio galaxies are extremely rare, and low redshift remnant ra-
dio galaxies are predicted to be much more common. This is
due to the combination of two factors: (1) the increased rest-
frame frequency at higher redshifts corresponds to higher
energy electrons, and consequently corresponds to a faster
radiative cooling rate; and (2) the increased energy density
of the CMB at higher redshifts causes a faster radiative cool-
ing rate from inverse Compton scattering of the CMB. The
number of remnants per redshift bin is approximately con-
stant up to z & 1, but decreases dramatically for z & 1.5. In
Table 4 we list results for the low redshift (z < 0.5) subsam-
ple of our simulated catalogues. In the simulated catalogue
with Sedov-like expansion in the remnant phase, 20% of the
flux limited FRII sample is predicted to be remnant, and
of those remnants, approximately half will show ultra-steep
spectra between 1.4 GHz and 5 GHz. It is clear from Table
4 and Figures 4 (e) and 5 that there is a significant advan-
tage to be gained by studying the remnant population at
low redshifts, particularly when high frequencies (5 and 10
GHz) are included in the analysis.
5.2 Results of Monte-Carlo simulation with no
expansion in the remnant phase
We repeated the Monte-Carlo simulations with no expansion
in the remnant phase, so that
V(t) ∝
{
t9/(5−β), if t < ton.
V(ton), if t > ton.
(21)
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Figure 6. Fraction of flux limited sample that are remnants, as
a function of redshift, for our simulated population of S74MHz >
1.5 Jy FRII radio galaxies, assuming there are no adiabatic losses,
and no magnetic field evolution in the remnant phase.
and
B(t) =
B0
(
t
t0
) −4−β
2(5−β)
(
Q
Q0
) 2−β
2(5−β)
, if t < ton.
B(ton), if t > ton.
(22)
This model is not physically realistic: it is unlikely that all
sources will reach pressure equilibrium right at the moment
the central engine shuts off. However, it is a useful exercise
to demonstrate the strength of the effect of expansion in
the remnant phase. It also clearly demonstrates that models
with no expansion in the remnant phase are in great conflict
with observations. This is important, given the evidence that
FRII radio galaxies might reach pressure equilibrium with
the surroundings before the end of their active life.
The results for this model with no expansion in the
remnant phase are presented in figures 8 and 6 and Tables 3
and 4. It is immediately clear, as expected, that the remnant
fraction is greater in this simulated catalogue, particularly at
low redshift (z < 0.5), where the model predicts that nearly
two-thirds of the flux limited sample are remnants, and that
a third of the flux limited sample are ultra-steep spectrum
remnants with α1400 MHz74 MHz > 1.2 (see table 4 and Figure 6).
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Figure 7. This figure illustrates the effect of three different model
parameters on the flux density evolution of model radio galaxies
in the active and remnant phase, at 74 MHz, 1.4 GHz, and 5 GHz.
The three model parameters of interest in this figure are the most
significant in terms of their effect on the remnant fraction derived
from our Monte Carlo simulations. In each figure the model pa-
rameters are fixed except for either β, B0 or ton, the values of which
are specified in the figure legend. The model parameters are as
follows, unless specified otherwise in the figure legend: γmin = 100,
γmax = 5×106, e = 1/3, phsplobe = 10, B0 = 0.6 nT, Q0 = 10
39, z = 1.0,
ton = 30 Myr, β = 1.9, Qjet = 1039 Watts, injection index a = 2.2.
See section 4.4 for a description of each of these model parame-
ters. Note that in the second panel, each of the model curves for
B0 = 0.3nT have been scaled by a factor & 3, to enable better
comparison between the light curves.
6 DISCUSSION AND CONCLUSIONS
We have carried out an empirical study based on a flux
limited sample from the VLSSr radio catalogue, in order
to place a limit on the occurrence of remnant FRII radio
galaxies in a 74 MHz flux limited sample. We have also per-
formed Monte-Carlo simulations of the population of active
and remnant FRII radio galaxies to assess whether models
of remnant lobe evolution are consistent with the observed
remnant fraction. Our main conclusions may be summarised
as follows:
(i) In our VLSSr selected sample, fewer than 2% of FRII
radio galaxies with 74 MHz flux density greater than 1.5 Jy
are ultra-steep spectrum remnants with α1400 MHz74 MHz > 1.2.
(ii) Our Monte-Carlo simulation with Maximal (sedov-
like) expansion in the remnant phase produced a remnant
fraction of 2%, marginally consistent with the upper limit
described above.
(iii) Our Monte-Carlo simulation with Maximal (sedov-
like) expansion in the remnant phase predicts the existence
of nearly twice as many remnants with “normal” spectra
(α1400 MHz74 MHz < 1.2) as there are ultra-steep spectrum remnants
in our sample.
(iv) The above conclusion can be phrased another way:
the ultra-steep selection criterion α1400 MHz74 MHz > 1.2 is not ef-
ficient at selecting remnant radio galaxies, with a selection
efficiency of only ∼ 35%. Higher frequency spectral indices
are significantly more efficient at remnant selection. Rem-
nant selection based on the criterion α5GHz1.4GHz > 1.2 increases
the selection efficiency to 70%, and remnant selection based
on the criterion α10GHz5GHz > 1.2 increases the selection effi-
ciency to 82%. For redshifts less than 0.5, the number of
identified ultra-steep spectrum remnants increases by a fac-
tor of 4 when using α10 GHz5 GHz as opposed to α
1400 MHz
74 MHz (Table
4).
(v) The remnant fraction increases rapidly towards low
redshift. This is the result of (1) the increased rest-frame
frequency at higher redshifts and (2) the increased energy
density of the CMB at higher redshifts, resulting in and
increase in the radiative cooling rate from inverse Compton
scattering of the CMB.
(vi) The model predicts an ultra-steep remnant frac-
tion approaching 10% at redshifts z < 0.5, when consid-
ering ultra-steep selection based on higher frequency data
(α5 GHz1.4 GHz > 1.2).
(vii) The age distribution of remnant radio galaxies in
flux limited samples is a steeply decreasing function of
sources age, indicating that most remnant radio galaxies
in flux limited samples are young remnants (Figures 4 (b)
and 8 (b)). Due to the steep remnant age distribution, in-
corporating higher frequency data into the analysis will be
more important in future studies than incorporating lower
frequencies.
(viii) The age distribution of remnant radio galaxies in a
flux limited sample can constrain the luminosity evolution of
the remnant phase. The luminosity distribution of remnants
cannot.
(ix) The spectral index distribution of remnant radio
galaxies peaks at“normal”spectral index values. This is a di-
rect result of the age distribution: most remnants are young
in flux limited samples (Figure 4 (c)).
(x) In the idealised situation that we have modelled, and
MNRAS 000, 1–19 (2017)
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Figure 8. Histograms of spectral index and flux densities for our mock catalogue under the assumption of no expansion in the remnant
phase (case (ii)). Green bars represent active sources, red bars represent remnant sources. Note that not all remnant sources are ultra-steep
spectrum (see Figure 5).
with the selection criteria we have used to identify candidate
remnants, the high frequency spectral index is more efficient
at selecting remnants than the spectral curvature. However,
when considering heterogeneous samples as obtained for ex-
ample from flux limited samples, the spectral curvature is
likely to be more robust and may result in fewer false rem-
nant candidates.
(xi) The remnant fraction is independent of flux limit
(Figure 4 (a)). Therefore, going to fainter flux limits will
not increase the remnant fraction.
As discussed in Section 1, several studies suggest that
FRII radio lobes may reach pressure equilibrium before the
end of their lifetime. However, we have shown that models
without rapid remnant phase expansion significantly over-
predict the FRII remnant fraction. Rapid luminosity evolu-
tion in the remnant phase resulting from Sedov-like expan-
sion is required to match the low observed remnant fraction
in our flux limited sample. Our results imply that either the
previous evidence for internal/external pressure equilibrium
in FRII radio galaxy lobes is flawed, or alternative mecha-
nisms other than adiabatic expansion are required explain
the low remnant fraction in our flux limited sample.
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APPENDIX A: THE GENERALISED
CONTINUOUS INJECTION MODEL FOR
LOBED RADIO GALAXIES
We describe a mathematical framework for modelling the
integrated spectra of radio galaxies in various phases of their
life, under the following set of assumptions.
(i) The electron energy distribution is independent of the
local magnetic energy density.
(ii) The cooling rate is a function of time and particle
energy only. Specifically, this assumption implies that the
cooling rate is independent of position within the lobes. This
is a common assumption used in modelling integrated radio
spectra, and is valid provided that the average magnetic
energy density (averaged over the cooling length scale) is
independent of position within the lobes.
This mathematical framework allows for arbitrary evo-
lution of lobe volume and magnetic field strength, it allows
for arbitrary, and time-dependent injection spectra (impor-
tant for modelling objects in which jet power evolves with
time), and it allows for a distribution of magnetic field
strengths within each volume element of the lobes.
However, this type of model is only valid for lobed radio
galaxies, in which the emission is dominated by the lobes,
and the mean magnetic energy density is approximately con-
stant throughout the lobe volume. This model is therefore
not suited to the modelling of tailed or naked jet FRI radio
galaxies.
We present a simplified version of the generalised model,
which is relevant to modelling objects with multiple power-
law phases of lobe evolution, such as remnant radio galax-
ies, as well as cluster radio-relics (Enßlin & Gopal-Krishna
2001).
A1 Integrated flux density
Consider a small volume of lobe plasma ∆V in which the
number density of relativistic particles per unit volume and
per unit Lorentz factor is given by dNdγdV = n(γ), and in which
the magnetic field is described by pΘ and pB, where pΘ and
pB are the probability distributions of the pitch angle Θ
and the magnetic field strength B, respectively. Hardcastle
(2013) give an expression for the volume-averaged emissiv-
ity from such a volume element (see Hardcastle 2013, for
details):
jν =
∫ ∞
0
∫ pi
0
∫ γmax
γmin
√
3Be3 sinΘ
8pi20cme
F(x)n(γ)pΘpBdγdΘdB (A1)
where e and me are the charge and mass of the electron,
respectively, c is the speed of light in vacuum, 0 is the
permttivity of free space, x = ννc , ν is the rest-frame fre-
quency, νc =
3
4piΩ0γ
2 sinΘ is the characteristic synchrotron
frequency, Ω0 is the non-relativistic gyrofrequency which in
SI units is given by Ω0 = eB/me, and the synchrotron func-
tion F(x) = x
∫ ∞
x
K5/3(z)dz, where K5/3(z) is the modified
Bessel function of order 5/3.
If we assume that n(γ), B and Θ are all independent
(assumption (i)), then we can separate the integrals, and
the equation becomes
jν =
√
3e3
8pi20cme
∫ γmax
γmin
n(γ)
[∫ ∞
0
BpB
[∫ pi
0
sinΘF(x)pΘdΘ
]
dB
]
dγ
(A2)
Let us define the parameter
y =
ν sinΘ
νc
=
4piν
3Ω0γ2
. (A3)
We can write the inner integral over pitch-angle as (see Ap-
pendix C)
F¯(y) =
∫ pi
0
sinΘF(x)pΘdΘ. (A4)
Then
jν =
√
3e3
8pi20cme
∫ γmax
γmin
n(γ)
[∫ ∞
0
BpB F¯(y)dB
]
dγ (A5)
The flux density of the lobe is
Sν =
(1 + z)
D2
L
∫
j ′ν′dV
′ (A6)
=
(1 + z)
D2
L
√
3e3
8pi20cme
∫
V ′
∫ γmax
γmin
n(γ)
[∫ ∞
0
BpB F¯(y)dB
]
dγdV ′
(A7)
If we assume that the magnetic field distribution pB and
pΘ is the same within each volume element ∆V throughout
the lobes (assumption (ii)), then we can switch the order of
integration, so that
Sν =
(1 + z)
D2
L
√
3e3
8pi20cme
∫ γmax
γmin
∫
V ′
n(γ)dV ′
[∫ ∞
0
BpB F¯(y)dB
]
dγ
(A8)
Let us define
N(γ) = dN
dγ
=
∫
n(γ)dV (A9)
Then
Sν =
(1 + z)
D2
L
√
3e3
8pi20cme
∫ γmax
γmin
N(γ)
[∫ ∞
0
BpB F¯(y)dB
]
dγ
(A10)
For a Guassian-random field, the probability distribu-
tion for the magnetic field strength pB is the Maxwell-
Boltzmann distribution (Hardcastle 2013):
pB =
√
2
pi
B2 exp(−B2/2a2)
a3
(A11)
where
a =
B0√
3
(A12)
and B0 specifies the mean magnetic energy density, and is
defined such that ∫
B2pBdB = B20 (A13)
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Then, for a Gaussian-random magnetic field distribution,
Sν =
(1 + z)
D2
L
√
3e3
8pi20cme
(A14)
×
∫ γmax
γmin
N(γ)
[∫ ∞
0
√
2
pi
B3 exp(−B2/2a2)
a3
F¯(y)dB
]
dγ
Sν =
(1 + z)
D2
L
9e3
8pi20cme
√
2
pi
(A15)∫ γmax
γmin
N(γ)
[∫ ∞
0
(
B
B0
)3
exp
(
−1
6
(
B
B0
)2)
F¯(y)dB
]
dγ
It therefore remains to specify the volume integrated
electron energy distribution as a function of time, N(γ, t).
We do so by solving the continuity equation for the electron
population within the lobes, as described in the following
section.
A2 Volume integrated electron distribution N(γ)
Consider a radio lobe of volume V(t) with mean magnetic
energy density UB(t) = B0(t)2/2µ0, into which relativistic
particles are injected at a rate of dNdγidti
= σlobe(γi, ti). Pro-
vided that the cooling rate
dγ
dt is a function of time and
particle energy only (assumption (ii)), the evolution of the
volume integrated particle energy distribution is described
by the continuity equation
∂N(γ, t)
∂t
+
∂
∂γ
(
N(γ, t) ∂γ
∂t
)
= σlobe(γ, t) (A16)
The general solution to the continuity equation is
dN
dγ
(γ, t) =
∫ t
ti,min
σ (γi, ti) dγidγ dti (A17)
and is valid for any functional form of the cooling rate dγ/dt.
Here we consider only radiative and adiabatic losses (it is
straightforward to modify the following to include accelera-
tion and/or additional loss terms). In this case we can write
the cooling rate as
dγ
dt
= −a0γ2U(t) − 13γ
1
V
dV
dt
(A18)
where, in both c.g.s. and S.I. units,
a0 =
4σT
3mec
(A19)
and U(t) is the sum of the magnetic energy density and the
CMB energy density. For arbitrary volume and magnetic
field evolution, the injected Lorentz factor, γi , injected at
time ti , is related to the particle’s Lorentz factor γ at time
t, via
γi =
γ
(
V (ti )
V (t)
)−1/3
1 − γγ∗
(A20)
and the derivative is
dγi
dγ
=
(
V (ti )
V (t)
)−1/3(
1 − γγ∗
)2 (A21)
The completely general solution for arbitrary V(t), B0(t) and
σlobe(γi, ti) is
dN
dγ
(γ, t) =
∫ t
ti,min
σlobe(γi, τ)
(
V(τ)
V(t)
)−1/3 (
1 − γ
γ∗(τ, t)
)−2
dτ
(A22)
where
γi =
γ
(
V (ti )
V (t)
)−1/3
1 − γ
γ∗(ti,t)
(A23)
and
1
γ∗(ti, t) =
∫ t
ti
a0
(
V(τ)
V(t)
)−1/3
U(τ)dτ (A24)
and the integration limit ti,min is given by
ti,min = MAX(0, t∗i,min) (A25)
and t∗i,min is given by the solution to the equation
1
γ
=
1
γi,max
(
V (t∗i,min)
V (t)
)1/3 + 1γ∗(t∗i,min, t) (A26)
where γi,max is the maximum electron Lorentz factor of the
particle distribution injected into the lobes. In the case of an
infinite power-law, γi,max → ∞, in which case the first term
on the RHS of equation A26 is equal to zero. For injection
times earlier than t∗i,min, all particles will have cooled to below
the Lorentz factor γ at time t.
Equations A22 - A26 represent the generalised continu-
ous injection model. The standard CIoff model of Komissarov
& Gubanov (1994), as well as the equations of Murgia et al.
(1999) and the model of Enßlin & Gopal-Krishna (2001) can
all be derived from the above expression under the relevant
simplifying assumptions.
The above expression is valid for an arbitrary parti-
cle injection spectrum σlobe(γi, ti), and arbitrary evolution
of the cooling function dγ/dt. We note that σlobe(γi, ti) is
the electron energy distribution that is “injected” into the
lobe. Typically the particles are accelerated (injected) in re-
gions of higher pressure than the lobes (i.e. the hotspots).
The relationship between the particle distribution that is
injected into the lobes and the particle distribution that is
accelerated in the hotspots is discussed below in Section A3.
A3 The relation between σlobe(γi, ti) and Jet Power
The particle injection rate into the lobe, per unit energy, is
defined by
σlobe(γi, ti) =
dN
dγidti
(A27)
We assume that the electron energy spectrum injected into
the lobes can be approximated by a power law
σlobe(γi, ti) = q0γ−ai γlobe,min < γi < γlobe,max (A28)
We can relate the proportionality constant q0 to the jet
power, if we make a number of further model assumptions.
We assume that the particles are injected into a high pres-
sure region (the hotspot) with pressure phs and flow into the
MNRAS 000, 1–19 (2017)
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lobe at some lower pressure plobe. The particles lose energy as
they flow from the high pressure injection site into the lobes
via adiabatic expansion and radiative cooling, and may gain
energy due to re-acceleration processes (eg. Orienti et al.
2012). Due to the complexity and uncertainty surrounding
the radiative cooling and re-acceleration in the head of the
source, we consider only adiabatic expansion losses in this
region, but note that alternative specific models may be con-
sidered (Blundell et al. 1999; Manolakou & Kirk 2002).
Suppose that some (constant) fraction of the jet power,
e, is converted to the internal energy of the relativistic par-
ticle population, and that the energy per particle is reduced
due to adiabatic expansion losses by a factor
γlobe
γhs
=
(
phs
plobe
)−1/4
(A29)
The energy injection rate (into the lobes) is
eQjet
(
phs
plobe
)−1/4
=
∫
γi
σlobe(γi, ti)(γi − 1)mec2dγi (A30)
where the integration is over the particle distribution in the
lobes, not the particle distribution injected into the hotspots.
We can then write
q0 =
(
phs
plobe
)−1/4 eQjet
mec2 f (a, γlobe,min, γlobe,max)
(A31)
where
f (a, γlobe,min, γlobe,max) = ©­«
[
γ2−ai
(2 − a)
]γlobe,max
γlobe,min
−
[
γ1−ai
(1 − a)
]γlobe,max
γlobe,min
ª®¬
(A32)
and
γlobe,min/max =
(
phs
plobe
)−1/4
γhs,min/max (A33)
APPENDIX B: LIMITING CASES OF THE
GENERALISED CONTINUOUS INJECTION
MODEL
B1 Power-law injection spectrum
It is typically assumed that a power-law energy spectrum is
injected, with
σ(γi, ti) = q0γ−ai (B1)
In this case,
dN
dγ
(γ, t) = q0γ−a
∫ t
ti,min
(
V(τ)
V(t)
)(a−1)/3 (
1 − γ
γ∗(τ, t)
)a−2
dτ
(B2)
The effects of cooling and source evolution enter via γ∗ as
defined in Equation A24. The different limiting cases are
obtained by evaluating the integral A24 analytically under
different sets of assumptions.
B2 Single power law phase
Let the source volume and magnetic field strength evolve
according to power-laws
V(t) = V0
(
t
t0
)nV
(B3)
B(t) = B0
(
t
t0
)nB
(B4)
⇒ UB(t) = UB0
(
t
t0
)2nB
(B5)
The energy density of the cosmic microwave background is
UCMB = 4.2 × 10−12 (1 + z)4 J m−3. From Equation A24, it
can be shown that:
1
γ∗(t1, t2)
= a0UB(t2)t2
((
t2
t1
) nV
3 −2nB−1 − 1
)
nV
3 − 2nB − 1
+ a0UCMBt2
((
t2
t1
) nV
3 −1 − 1
)
nV
3 − 1
(B6)
This is equivalent to equation 7 of Enßlin & Gopal-Krishna
(2001), and equation 7 of Kaiser et al. (1997).
B3 Multiple power law phases
Suppose we have K power-law phases of evolution, bounded
by the times (t0, t1, t2, ..., tK ) for phases (1, 2, ..., K) and each
j th phase has its own nVj and nB j . Then for each j
th phase
we can define γ∗, j as
1
γ∗, j
=
1
γ∗(tj−1, tj )
=
∫ tj
tj−1
a0
(
V(τ)
V(tj )
)−1/3
U(τ)dτ (B7)
The total effect of all of the phases is given by
1
γ∗(t0, tK )
=
∫ tK
t0
a0
(
V(τ)
V(tK )
)−1/3
U(τ)dτ (B8)
=
∫ t1
t0
a0
(
V(τ)
V(tK )
)−1/3
U(τ)dτ (B9)
+
∫ t2
t1
a0
(
V(τ)
V(tK )
)−1/3
U(τ)dτ
+...
+
∫ tK
tK−1
a0
(
V(τ)
V(tK )
)−1/3
U(τ)dτ
=
K∑
j=1
1
γ∗, j
(
V(tj )
V(tK )
)−1/3
(B10)
The above is a slightly different, but equivalent form to that
given by Enßlin & Gopal-Krishna (2001).
Suppose that injection occurs only within the first of
several phases, i.e. prior to t1, then
dN
dγ
(γ, t) =
∫ t1
ti,min
q0γ
−a
(
V(τ)
V(t)
)(a−1)/3 (
1 − γ
γ∗(τ, t)
)a−2
dτ
(B11)
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where γ∗(τ, t) is given by the above expression, with t0 = τ
and tK = t.
To test the formalism described in this section, we com-
pared the output with a numerical solution of the continu-
ity equation using a finite volume method with piecewise
linear reconstruction and a van Leer flux limiter. The tests
demonstrate that the above formalism is correct, and pro-
vides much faster evaluation than is possible with the finite
volume method while avoiding the effects of numerical dif-
fusion.
APPENDIX C: THE ANGLE-AVERAGED
SYNCHROTRON FUNCTION F¯(Y ) AND IT’S
EVALUATION
For an isotropic distribution of magnetic field orientation,
the distribution of angle pΘ = 12 sinΘ. We can then write the
inner integral
F¯(y) =
∫ pi
0
sinΘF(x)pΘdΘ =
∫ pi/2
0
F(x) sin2 ΘdΘ (C1)
where F(x) is defined in equation A1. Let
y =
ν
νc
sinΘ = x sinΘ =
(
4piν
3Ω0γ2
)
(C2)
Then we can write
F¯(y) =
∫ pi/2
0
sin2 Θ F
( y
sinΘ
)
dΘ
=
∫ pi/2
0
[
y
sinΘ
∫ ∞
y
sinΘ
K5/3(z) dz
]
sin2 Θ dΘ
= y
∫ ∞
y
(
1 − y
2
t2
)1/2
K5/3(t) dt (C3)
where K5/3(z) is the modified Bessel function of order 5/3.
Crusius & Schlickeiser (1986) obtain an expression of F¯(y)
in terms of Whittaker functions:
F¯(y) = 1
2
piy
[
W0, 43
(y) W0, 13 (y) −W 12 , 56 (y) W− 12 , 56 (y)
]
(C4)
where Wλ,µ(y) denotes Whittaker’s function (Abramowitz &
Stegun 1970, pg. 505).
Enßlin et al. (1999) give an approximation to the func-
tion F¯(y) to within a few percent
F¯(y) = 2
2/3
Γ(11/6)
(
pi
3
)3/2
y1/3
exp
(
−11
8
y7/8
)
(C5)
However, such an approximation is not necessary when
spline interpolation can provide an efficient and accurate
computational solution. For small values of y (y . 0.01), an
asymptotic form is available (G. Bicknell, private communi-
cation):
F¯(y) ≈ c1 y1/3 + c2 y + c3 y7/3 + c4 y3 y << 1 (C6)
where
• c1 = 1.808418021
• c2 = −1.813799364
• c3 = 0.8476959474
• c4 = −0.510131
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